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We find new analytic solitary-wave solutions, having a nonzero background at infinity, of the
generalized reaction Duffing model using the auxiliary function method. We study the dynamical
properties of the solitary-waves by numerical simulations. It is shown that the solitary-waves can be
stable or unstable depending on the coefficients of the model. We study the interaction dynamics by
using the solitary-waves as initial profiles to show that the nonlinear terms may act as an effective
driving force. — PACS numbers: 03.40.Kf, 02.30.Jr, 47.20.Ky, 52.35.Mw
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1. Introduction

As a generalized nonlinear evolution equation in-
cluding such famous ones as the Klein-Gordon,
Landau-Ginzburg-Higgs and ¢* equations [1-3], we
consider the generalized reaction Duffing equation

Vit + Ok + BV 4+ WP + V2 = 0, 1)

where o, 3,7, and & are constants. Several solitary-
wave and periodic solutions of (1) have been found by
Yan and Zhang [4, 5]. More recently, Tian and Gao [6]
have reported several families of exact solitonic solu-
tions, including the shock and bell-shaped waves.

The purpose of this paper is to investigate new ana-
lytic solitary-wave solutions for (1) by using the auxil-
iary differential equation method [7, 8] and investigate
their dynamical behaviors. In Sect. 2, we introduce the
auxiliary differential equation method for finding the
solitary-wave solutions and investigate the coefficients
region for such solutions. In Sect. 3, we investigate
the dynamics of the solitary-waves using a numerical
method. The conclusions are in Section 4.

2. The Auxiliary Equation Method and Analytic
Solitary-Wave Solutions

In this section, we first describe the auxiliary equa-
tion method [7,8]. Suppose we are given a nonlinear

partial differential equation (NLPDE) for v(x,t) in the
form

H (V, Vi, i, Vi, Vit , Vit - ) = 0. 2

Introducing the similarity variable & = x— At, the trav-
eling wave solution of v(&) satisfies the ODE

G(V,Vé,Vg&Véééw..):O. (3)

By virtue of the extended tanh-function method one
assumes that the solution of (3) has the form

v(E) = __ioa@z'@), @

inwhicha; (i=1,2,...,n), A are all real constants to be
determined, the order n is a positive integer which can
be readily determined by balancing the highest order
derivative term with the highest power nonlinear term
in (3), and z(&) expresses the solutions of the following
auxiliary ordinary differential equation

dz 2
(@) —a2(E)+bBE) 1 cAE). ()

where a,b, and c are real parameters. We seek the exact
solutions of (3) by using the following solutions of (5):
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Fig. 1. The profile of bright solitary-wave type solution vy (x,0) for different model coefficients which satisfy the constraint
a > 0. As the strength of the higher nonlinear terms increase, the width and amplitude of the solitary-wave decrease.

—absech?(+Y2¢)
b2 — ac(1 — tanh(+2¢&))
2asech(,/at) (6)
b2 —4ac— bsech(,/a¢)’
whenv/b? —4ac > 0 and a> 0.

> when a> 0,

To look for the traveling wave solutions of (1), we
consider the transformation v(x,t) = v(&), leading to

(@ +A%)Vee + 8V +BV+ V2 =0. 7)

By balancing the highest order derivative v¢¢ with the
highest power nonlinear term v yields n = 1. There-
fore, we choose a solution of (1) in the form

V(&) =ap+az(&), 8

where ap and a; are constants to be determined. By
substituting (5) and (8) into (7) and setting the coeffi-
cientsof Z1(£)(j =0,1,2,..,7) to zero, we find a set of

algebraic equations for a,b, c,ag,a1, and A:

yag+ B+ 8ag? =0,
byao? + bBag + bdag® + ayora® + 3adap’ay
+afay + 2ayagay + A ’a? =0,

cyap? + cPap + cdag® + gbaloca+ 3bdag’ay

+bBay + 2byagay + gbalxzaJr aya;? ©)

+3adaga’ =0,
6coia+ 6cdap? + 2 ¢+ 4cyap+ 6¢A2a+ 2arby

+3ab? + 3420 + 6a;bSag + 2a12a8 =0,
2a;cy+ 7cab+ 7cA?b+ 6aicdag + 2a1°bd = 0,
2).%c+2ac+ da’c=0.

By solving these overdetermined algebraic equations,
we obtain
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Fig. 2. The profile of bright solitary-wave type solution v, (x,0) for different model coefficients which satisfy the constraints

a> 0and vb? —4ac > 0. As the strength of the higher nonlinear terms increase, the width and amplitude of the solitary-wave
decrease.
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Fig. 3. a) Evolution of numerically simulated v (x,t). b) Zero deviation from the initial values of the normalized mass and
energy M(t) and E(t), respectively, indicates the stability of the solitary-wave. c) Comparison of the numerically simulated
wave profile at t = 100 with that of the exact solitary-wave solution in (14), showing stable propagation along the evolution

time.

According to (10) - (13), (8) and (6), we find new eight
analytic solitary-wave solutions of (1) with the wave-
length A as a free parameter for the model. We note
that the model coefficients (¢, 3,7,0) can be further
constrained by an auxiliary condition in (6), i.e.,a> 0
or vb? — 4ac > 0 and a> 0. As an example, for Case 2
we have two solitary-wave solutions in form of

_ 2_
V(1) = Y+ \/2)/5 446
—25c(a+ A7) absech?(¥2¢) (14)
6 b2—ac[1—tanh(\/755)]27
and
_ 7_
Vo(x,1) = Y+ \/2}/6 468
(15)
—26c(a+A2) 2asech( /ag)

o b2 —4ac— bsech(,/a&)’

where a and b are given by (10). Figure 1 shows
the profile of bright solitary-wave solution vy (x,0) for
several different model coefficients which satisfy the
constraint, i.e., a > 0. In general, as the strength of
the higher nonlinear terms, i.e., y and & increases,
the width and amplitude of the solitary-wave also in-
creases. Similar profiles for v,(x,0) are plotted in
Fig. 2, however under the constraint v/b? —4ac > 0
or equivalently y > /4846. It should be noted that for
& — oo, vy (&) has a non-zero background. This can
be made to zero at infinity by imposing additional con-
straints on o, 3,7, 8, and A.

3. Numerical Simulations

In this section, we numerically integrate (1) to un-
derstand the stability and dynamics of the solitary-
wave solutions discussed in Section 2. Here “stabil-
ity” means that the analytic solitary-wave preserves,
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Fig. 4. a) Time evolution of numerically simulated v»(x,t). b) Exponentially increasing deviation from the initial values of
the normalized mass and energy M(t) and E(t), respectively, indicates the instability of solitary-wave. c) Comparison of
the numerically simulated wave profile at t = 20 with that of the exact solitary-wave solution in (14), showing unstable
propagation along the evolution time, by emitting radiation in form of an oscillating tail.

when it is substituted in (1) and numerically integrated,
its initial profile for a long propagation time without
losing its energy by radiation. The numerical scheme
used in this work is based on the time advance using
the Runge-Kutta fourth-order scheme and a pseudo-
spectral method using the discrete fast Fourier trans-
formation in the spatial discretization [9], applying pe-
riodic boundary conditions. The numerical errors in
the spatial discretization were controlled by varying
the number of discrete Fourier modes between 128 and
1024 and various time steps between 10> and 10~3.
In the following, we first investigate the stability of
the solitary-wave solutions, for example, v1(x,0) and
V2(x,0), by taking the initial profiles in the form

—v+ VY —45p
26

—28c(oe+ A2
_ #xlvz(xx

V1,2 (Xa 0) =

2(va
x1(x) = it )35 ’
b2 _ac[l—tanh(TX)]z (16)
) 2asech(y/ax) .

b? — 4ac— bsech(\/ax)

Before proceeding, we note that (1) is in general
a non-integrable equation, because it is not certain
whether the equation is satisfied by an infinity of time-
independent integrals of motion. However, as at least
the fundamental solitary-wave solutions indeed exists,
we define the simplest two such integrals, namely the
normalized mass and energy, as

M(t) = /iv(x,t)dx//:v(x,O)dx

7)
and

E(t) = / :v(x,t)zdx/ /_ iv(x,O)zdx, (18)

to further understand the dynamics of the waves.
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Fig. 5. a) Interaction dynamics of two solitary-waves with the initial profile as vy (x+ 1) +vi(x— 1), where 1 = 50 under
the same coefficients as Figure 3. At beginning, the waves do not interfere each other but the amplitudes rapidly increase
after t ~ 8 due to the interaction. b) The interaction process is ‘totally inelastic’ in the sense that M(t) and E(t) exponentially
increase. ¢) Snapshot of the solitary-waves at t = 20 (dot-dashed curve), showing rapidly increasing amplitude.

Figure 3a shows the evolution of the bright solitary-
wave vy (x,t) for the coefficients belonging to Figure 1.
From Fig. 3b we can conclude that the solitary-wave
is stable as both M(t) and E(t) are conserved, which
indicates that the radiation loss due to the higher-order
nonlinear terms is negligible since they are balanced
by the dispersion term vy in (1). The accuracy of the
numerical scheme in this work is also clearly demon-
strated in Fig. 3c by comparing the exact analytic solu-
tion vy exact (X, 100) (dotted curve) with vy simul (X, 100)
(dot-dashed curve).

In Fig. 4, we simulate the propagation of v, (x,t) for
the set of coefficients in Figure 2. In comparison to the
propagation of vi(x,t), the solitary-wave in this case
emits radiation, as depicted in Fig. 4a, and becomes
unstable after t ~ 80, at which both M(t) and E(t) de-
crease gradually, as shown in Figure 4b. It was con-
firmed by further numerical simulations that for all sets
of coefficients in Fig. 2 the solitary-wave behavior of

V2(x,t) is destroyed after t ~ 120 by emitting radiation
in form of an oscillating tail. This radiation process
acts as an effective friction, so that the speed of the
solitary-wave decreases along its propagation, which
can be clearly seen in Fig. 4c by comparing the sim-
ulated profile v simu (dot-dashed curve) with vz exact
(dotted curve).

As v (x,t) is stable during its propagation, we would
like to know its interaction dynamics with the initial
profiles

V(X) =vi(X+1n)+vi(x—n), (19)
where 7 is the separation between the solitary-waves.
By using the same set of coefficients as in Fig. 2, the in-
teraction dynamics of the solitary-waves separated by
n = 50 is simulated in Figure 5. At the beginning, as
shown in Fig. 5a, the solitary-waves do not influence
each other. They start to interact after t ~ 8, as can
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Fig. 6. a) and b) The time evolution of two solitary-waves with the initial separation n = 10 with the same coefficients as
Fig. 5, exept 6 = —0.3. ¢) and d) The time evolution of two solitary-waves with initial separation n = 30 with a different set
of coefficients. For both cases, the amplitudes rapidly increase regardless of the separation distance n or the strength of the

coefficients.

be seen from the variations of M(t) and E(t) in Fig-
ure 5b. Their amplitudes rapidly grow along the time
evolution. From Fig. 5b we observe that the whole in-
teraction process is ‘totally inelastic’ in the sense that
both E(t) and M(t) exponentially increase from the ini-
tial values owing to the presence of the higher-order
nonlinear terms, which can not be balanced with the
strength of the dispersion term, i.e., vx. After many
simulations, we conclude that the amplitudes rapidly
increase regardless of the separation distance n or the
strength of the coefficients, as shown in Figs. 6a—b for
n = 10 with the same coefficients as in Fig. 5, except
0 = —0.3. Figures 6¢c—d shows for the case n = 30
with a different set of coefficients. In contrast to the
stable propagation of the single solitary-wave in Fig. 5,
the presence of nonlinear terms for the interaction pro-
cess of the two solitary-waves seems to act as a driving
force for the system.

4, Conclusions

In this work, we have found new analytic solitary-
waves, having nonzero background at infinity, of the
generalized reaction-Duffing model [4, 6], by utilizing
auxiliary equation method [7,8]. The eight solitary-
wave solutions according to (10)—(13), (8) and (6),
exist under the two types of constraints, i.e, a > 0 or
a> 0 and vb?— 4ac, respectively, from which the
model coefficients o, 3,7, 8, and the wave number A
can be further constrained. We have shown by numer-
ical simulations, for example, the dynamics of the two
types of solitary-wave solutions in (14) and (15). It has
been shown that, depending on the sign and strength
of nonlinear coefficients in (1), the solitary-wave solu-
tions can be stable or unstable along their evolutions,
as shown in Figures 3—4. By taking the two stable
solitary-waves as initial profiles, we have shown that
the amplitudes rapidly increase, regardless of the sepa-
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ration distance n or the strength of the coefficients, as
shown in Figures 5-6.
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